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Abstract

The Chen circuit system, a three-dimensional autonomous system with intriguing dynamics, has gained
considerable attention due to its potential applications in diverse scientific fields. In this article, a Chen circuit-
like system is defined and a comprehensive dynamics has been studied. The system exhibits chaotic dynamics,
limit cycles, and bifurcations, making it a captivating subject of study. By employing numerical simulations
and analytical techniques, we explore the system’s stability and identify critical parameter values leading to
qualitative changes. Notably, we delve Hopf bifurcations, which give rise to stability changes and the emergence
of limit cycles. Furthermore, we analyze the fractal dimension of the system’s attractor, providing insights into
its complexity and self-similarity. Through a systematic examination of the Chen circuit-like system, we deepen
our understanding of its intricate dynamics and offer valuable insights into the underlying mechanisms. The
findings contribute to the field of dynamical systems and hold potential implications in areas such as chaos-based
secure communications, signal processing, and nonlinear control. This work serves as a valuable reference for
researchers and practitioners interested in the dynamics and bifurcation analysis of nonlinear systems.

Key words and phrases: Chen-like chaotic system, limit cycle, chaotic solution, local asymptotic stability,
bifurcation, phase portrait analysis.
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1 Introduction

The exploration of dynamical systems plays a pivotal role in understanding complex phenomena across diverse
scientific disciplines, ranging from physics and biology to engineering and economics. Most of the complex dy-
namical chaotic and hyper-chaotic system of nonlinear ODEs characterizes phenomenons. For instance, variations
in population dynamics can be discussed and predictions can be made for the future scenarios. Moreover, Lorenz
introduced a model in 1963 for weather forecasting [1], demonstrating temperature and wind speed variations.
He observed that small perturbations in the initial conditions of the proposed dynamical model led to surprising
results. This effect is known as the butterfly effect, as the system has sensitive dependence on the initial conditions.

The world chaos was used by Li and Yorke in 1975 for the first time in their research [2]. In 1976, Rossler
considered a prototype equation to the Lorenz model that behaves similarly to the Lorenz model but in low
dimensional dissipative dynamical systems [3]. He also proposed an even simpler (algebraic) model in 1979 [4].
Matsumoto et al. developed an autonomous chaotic system 1986 concerning the basic circuit layout. This circuit
is known in the literature as the “Chua circuit” [5]. Chen and Ueta discovered a chaotic system in 1999, known as
the Chen system [6] based on the Lorenz model. Another chaotic system has been investigated in [7] by Lu and
Chen, representing the transition between the Lorenz and Chen systems. Sprott studied generic three-dimensional
systems with quadratic nonlinearities [8]-[10]. He found nineteen different chaotic systems by exhaustive computer
research such that there is no apparent transformation of one to another. Many other chaotic systems have been
introduced and analyzed in the literature, including the Liu system [11], [12].

Thus chaos is a highly complex nonlinear dynamical phenomenon in nature. Much research has been reported in
the literature investigating various characteristics associated with dynamical systems. Edward Lorenz discovered
a strange attractor while finding the numerical solutions to the proposed weather model [13]. In recent years,
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motivated by different applications, great works have been reported in constructing the chaotic and hyper-chaotic
dynamical models [17]-[32].

Among the intriguing dynamical systems, the Chen circuit system has garnered significant attention due to its
remarkable dynamics and potential applications in various domains. In this study, a Chen circuit-like system is
defined as follows: 

dx
dt = a(y − x)
dy
dt = x− bxz + cy
dz
dt = xy + x2z − dz

The Chen circuit-like system exhibits a rich variety of behaviors, including chaotic dynamics, bifurcations,
and limit cycles. Its dynamics are governed by a set of nonlinear ordinary differential equations, capturing the
interactions among its state variables. Specifically, the system involves variables x, y, and z, coupled through
nonlinear terms incorporating parameters a, b, c, and d.

In this article, we embark on a comprehensive analysis of the Chen circuit-like system, aiming to unveil its
intricate dynamics and investigate its bifurcation behavior. Our objective is to comprehend the system’s stability,
explore the critical parameter values triggering qualitative changes, and elucidate the underlying mechanisms
governing its observed dynamics. To achieve this, we employ a combination of numerical simulations and analytical
techniques to study the system’s behavior under parameter variations. Our focus lies on conducting bifurcation
analyses to identify the specific parameter values at which significant changes in the system’s dynamics occur.
Notably, we delve into the exploration of Hopf bifurcations, which lead to stability changes and the emergence
of limit cycles. Furthermore, we delve into the fractal dimension analysis of the attractor generated by the Chen
circuit-like system. The fractal dimension provides valuable insights into the complexity and self-similarity of the
attractor, shedding light on the underlying dynamical properties of the system. By employing the box-counting
method, we estimate the fractal dimension and discuss its implications in relation to the system’s chaotic behavior.

Through our in-depth analysis, we aim to deepen the understanding of the Chen circuit-like system’s complex
dynamics and provide valuable insights into the underlying mechanisms governing its behavior. The findings
presented in this article contribute to the broader field of dynamical systems and offer potential applications in
diverse areas such as chaos-based secure communications, signal processing, and nonlinear control.

The subsequent sections of the article are structured as follows: Section 2 provides a concise overview of the
Chen circuit-like system and presents a comprehensive stability analysis of the system and identify critical param-
eter ranges associated with distinct dynamical regimes. Sections 3 and 4 focus on limit cycles and chaotic solutions
of the system, respectively. Bifurcation analysis is presented in the Section 5. Finally, Section 6 summarizes the
key findings and offers concluding remarks.

We believe that this thorough investigation of the Chen circuit-like system contributes to the growing body of
knowledge on nonlinear dynamical systems and serves as an essential reference for researchers and practitioners
working in the field.

2 Chen-like system and its dynamical analysis

In this present study, we have introduced the new chaotic system:
dx
dt = a(y − x)
dy
dt = x− bxz + cy
dz
dt = xy + x2z − dz

(2.1)

where x, y and y are state variables and a, b, c and d are parameters.

2.1 Symmetry and Invariance

It is simple to see the invariance of system 2.1 under the coordinate transformation

(x, y, z) → (−x,−y, z)

That is, the system 2.1 has symmetry around the z-axis [15]. Hence, we can observe that the variables x and y
are symmetrical with respect to the origin O(0, 0, 0).
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2.2 Dissipativity

The proposed dynamical system 2.1 can be written in the vector form as

Ẋ = F (X) = [f1(X), f2(X), f3(X)]T . (2.2)

The divergence of the vector field F (X) on R3 is given by

∇ · F =
∂f1(X)

∂x
+

∂f2(X)

∂y
+

∂f3(X)

∂z
. (2.3)

For the system 2.1, the divergence is computed as∇·F = −a+c+x2−d < 0, which is negative if (a−c−x2+d) ≥ 0,
so that volume(V ) decreases at rate

dV (t)

dt
= (−a+ c+ x2 − d)V. (2.4)

Solving the above differential equation, we have

V (t) = V (0)e(−a+c+x2−d)t (2.5)

So the volume of the system reduces exponentially fast to 0 , and hence the dynamical model 2.1 is a dissipative
system for (a− c−x2+d) ≥ 0. That is, every volume consisting of the system trajectory shrinks to zero as t → ∞
at an exponential rate of (−a+ c+x2− d). Thus, all the system orbits are confined to a specific subset containing
zero volume and the asymptotic motion converges onto an attractor [16], [26].

2.3 System equilibria

Definition 2.1. [30] The steady-state equilibrium, Ei, is hyperbolic if none of the eigenvalues of J(Ei) = DF (Ei)
lies on the unit circle, i. e., if |λi| ≠ 1, for i = 1, 2, 3.

Definition 2.2. [30] Consider the discrete, nonlinear dynamical system in 2.1 with a steady-state equilibrium,
Ei. The associated Jacobian matrix has three eigenvalues λi(i = 1, 2, 3).
(i) The steady-state equilibrium Ei is called a sink if |λi| < 1 for all i = 1, 2, 3.
(ii) The steady-state equilibrium Ei is called a two-dimensional saddle if one |λi| > 1.
(iii) The steady-state equilibrium Ei is called a one-dimensional saddle if one |λi| < 1.
(iv) The steady-state equilibrium Eiis called a source if |λi| > 1 for all i = 1, 2, 3.

Result 2.3. Routh–Hurwitz stability criterion states that the equilibrium of a three dimensional system is locally
asymptotically stable if and only if a2, a0 are positive and a2a1 > a0, where a2, a1 and a0 are the coefficient of
the characteristic polynomial F (λ) = λ3 + a2λ

2 + a1λ+ a0 of the Jacobian at the equilibrium.

Lemma 2.4. [31] We consider a cubic polynomial equation of the following type:

λ3 + a2λ
2 + a1λ+ a0 = 0 (2.6)

where a2, a1 and a0 represents real constants. Furthermore, all roots for the polynomial equation 2.6 lie within the
open disk if and only if the following conditions are satisfied:

|a2 + a0| < 1 + a1, |a2 − 3a0| < 3− a1, and a20 + a1 − a0a2 < 1.

The equilibria of the chaotic system 2.1 are found by setting ẋ = ẏ = ż = 0,
i. e., 

a(y − x) = 0

x− bxz + cy = 0

xy + x2z − dz = 0

(2.7)

The system 2.1 has three equilibrium points:

E1 = (0, 0, 0), E2 = (−
√

d(c+1)
b+c+1 ,−

√
d(c+1)
b+c+1 ,

c+1
b ), and E3 = (

√
d(c+1)
b+c+1 ,

√
d(c+1)
b+c+1 ,

c+1
b )

Since the equilibrium points E2 and E3 are reflection of each other with respect to z-axis, we only would be
interested to explore dynamical behavior of E3 without loss of generality.
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The local behavior of the system around these equilibrium points can be investigated by using the following
Jacobian matrix:

J(E) =

 −a a 0
1− bz c −bx
2xz + y x x2 − d


Dynamical behavior about E1:

For the equilibrium point E1, the above Jacobian matrix becomes the following

J(E1) =

 −a a 0
1 c 0
0 0 −d


To obtain its eigenvalues, let det(λI − J(E1)) = 0. Then, the characteristic equation has the following form:

λ3 + (a− c+ d)λ2 + (−a− ac+ ad− cd)λ− (ad+ acd) = 0 (2.8)

Solving the above characteristic equation, the eigenvalues are found as

λ1 = −d, λ2 =
1

2

(√
a2 + 2ac+ 4a+ c2 − a+ c

)
, λ3 =

1

2

(
−
√

a2 + 2ac+ 4a+ c2 − a+ c
)

Lemma 2.5. (i) E1 is a sink if and only if d < 1, a ≤ 1, and c+ ac < 1.
(ii) E1 is a source if and only if d > 1, a > 1 + c, and 1 + c >

√
2.

(iii) E1 is a saddle node if and only if d > 1, 1 + c >
√
2, and 1 + a < 1

c .

(iv) E1 is non-hyperbolic if and only if a = c = 1
2

(√
5− 1

)
, and d = 1.

Here we present four examples which illustrate Lemma 2.5.

Example 2.6. Consider the parameters a = 0.9421, b = 96, c = 0.0575, and d = 0.0598 satisfying the conditions
d < 1, a ≤ 1, and c+ ac < 1. then the equilibrium E1 is a sink. (Fig.1).
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Figure 1: Sink trajectory in 3 dimension and two dimensional phase portraits

Example 2.7. Consider the parameters a = 114, b = 67, c = 75, and d = 59 satisfying the conditions d > 1, a >
1 + c, and 1 + c >

√
2. then the equilibrium E1 is a source (Fig.2).
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Figure 2: Source trajectory in 3 dimension and two dimensional phase portraits

Example 2.8. Consider the parameters a = 1.0339, b = 67, c = 0.4072 and d = 32 satisfying the conditions
d > 1, 1 + c >

√
2, and 1 + a < 1

c , then the equilibrium E1 is a saddle node. (Fig.3).
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Figure 3: Saddle node trajectory in 3 dimension and two dimensional phase portraits

Example 2.9. Consider the parameters a = c = 1
2

(√
5− 1

)
, and d = 1, then the E1 of system 2.1 is non-

hyperbolic. (Fig.4).
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Figure 4: Non-hyperbolic trajectory in 3 dimension and two dimensional phase portraits

Dynamical behavior about E3:
For the equilibrium point E3, the above Jacobian matrix becomes the following

J(E3) =


−a a 0

−c c −b
√

(c+1)d
b+c+1

(b+2c+2)
√

(c+1)d
b+c+1

b

√
(c+1)d
b+c+1 − bd

b+c+1


To obtain its eigenvalues, let det(λI − J(E3)) = 0. Then, the characteristic equation has the following form:

λ3 +

(
(a− c) +

bd

1 + b+ c

)
λ2 +

bd(1 + a)

1 + b+ c
λ+ 2ad(1 + c) = 0 (2.9)

Comparing equation 2.9 and equation 2.6, we have
a2 = (a− c) + bd

1+b+c

a1 =
bd(1+a)
1+b+c

a0 = 2ad(1 + c)

(2.10)
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Lemma 2.10. The steady state J(E3) for model 2.1 is a sink and it is locally asymptotically stable if and only if
the following inequalities are satisfied:

|a2 + a0| < 1 + a1, |a2 − 3a0| < 3− a1, and a20 + a1 − a0a2 < 1.

where a2, a1 and a0 are written in 2.10.

Example 2.11. By satisfying the Lemma 2.10, consider the parameters be a = 83, b = 70, c = 32, and d = 96,
then the system 2.1 converges to (5.546, 5.546, 0.471) (Fig.5).

Figure 5: Convergent trajectory in 3-dimension and 2-dimensional phase portraits

Following examples (2.11–2.12) are presented where the condition stated in the Lemma 2.10 do not satisfy.

Example 2.12. Consider the parameters be a = 61, b = 72, c = 23, and d = 12, then the system 2.1 forms
chaotic trajectory (Fig.6).
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Figure 6: Chaotic trajectory in 3 dimension and two dimensional phase portraits

3 Limit Cycles

Here we present a set of examples depicting limit cycles with very high periodicities.

Example 3.1. Consider the parameters be a = 64, b = 10, c = 28, and d = 55, then the system 2.1(with the
initial value (0.001, 0.002, 0.003) forms a limit cycle of period 69. (Fig.7).
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Figure 7: Periodic trajectories with periodicity 69 and corresponding two dimensional phase portraits

Example 3.2. Consider the parameters be a = 96, b = 49, c = 81, and d = 15, then the system 2.1(with the
initial value (0.421, 0.9157, 0.7922) forms a limit cycle of period 425. (Fig.8).
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Figure 8: Periodic trajectories with periodicity 425 and corresponding two dimensional phase portraits

Example 3.3. Consider the parameters be a = 40, b = 66, c = 18, and d = 1, then the system 2.1(with the initial
value (0.706, 0.0318, 0.2769) forms a limit cycle of period 689. (Fig.9).
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Figure 9: Periodic trajectories with periodicity 689 and corresponding two dimensional phase portraits

4 Chaotic Solutions

Here we have listed parameters a, b, c, and d for which the dynamical system 2.1 possesses chaotic trajectories with
positive Lyapunov exponent (Table 1-3). For each set of parameters, Lyapunov exponent were calculated and the
same is plotted in Fig.10. In addition, box plot of range of values from the interval (0, 1) for each parameter is
figured in Fig.10.
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Figure 10: Lyapunov exponent with associated parameters for 409 cases, where the system possesses chaotic
trajectories.

Example 4.1. Consider the parameters be a=0.2575, b=0.8407, c=0.2543, and d=0.8143, then the system
2.1(with the initial value (1, 1, 1) forms a chaotic trajectory (Fig.11).
Here fractal dimension of the three dimensional chaotic attractor is turned out to be 1.9645. Non-zero fractal
dimension reconfirms the chaotic behaviour of the three dimensional attractor.
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Figure 11: Chaotic trajectories with Lyapunov exponent (λ=0.001220) and corresponding two dimensional phase
portraits (Parameters: a=0.2575, b=0.8407, c=0.2543, and d=0.8143)

Example 4.2. Consider the parameters be a=388, b=244, c=218, and d=224, then the system 2.1(with the initial
value (1, 1, 1) forms a chaotic trajectory (Fig.12).
Here fractal dimension of the three dimensional chaotic attractor is turned out to be 0.73486. Non-zero fractal
dimension reconfirms the chaotic behaviour of the three dimensional attractor.
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Figure 12: Chaotic trajectories with Lyapunov exponent (λ=0.000094) and corresponding two dimensional phase
portraits (Parameters: a=388, b=244, c=218, and d=224)

Example 4.3. Consider the parameters be a=388, b=244, c=218, and d=224, then the system 2.1(with the initial
value (1, 1, 1) forms a chaotic trajectory (Fig.13).
Here fractal dimension of the three dimensional chaotic attractor is turned out to be 0.50202. Non-zero fractal
dimension reconfirms the chaotic behaviour of the three dimensional attractor.
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Figure 13: Chaotic trajectories with Lyapunov exponent (λ=0.000088) and corresponding two dimensional phase
portraits (Parameters: a=205, b=298, c=132, and d=302)
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5 Bifurcation Analysis

In the present system, the parameter b is the most suitable choice to observe bifurcation. This is because the
equation involving b contains a non-linear term (bxz) that can lead to bifurcation behavior.
By varying the parameter b, one can observe changes in the system’s dynamics, such as stable equilibrium points,
limit cycles, or chaotic behavior. Bifurcations, such as saddle-node bifurcation, pitchfork bifurcation, or Hopf
bifurcation, may occur as the parameter b crosses certain critical values. Therefore, focusing on the bifurcation
analysis with the parameter b will provide insights into the qualitative changes in the system’s behavior as b is
varied.

5.1 Hopf Bifurcation at E3

The three-dimensional Hopf bifurcation theory is used to analyze the parametric variations of the system 2.1
according to its dynamical bifurcation. In this section we discussion the existence of Hopf bifurcation for the
equilibrium point E3.
In order to see the in stability of system 2.1 let us consider b as bifurcation parameter.For this purpose let us first
state the following theorem.

Theorem 5.1. [33] If a2, a1 and a0 listed in 2.10 are smooth functions of b in an open interval about b ∈ R such
that the characteristic equation 2.9 has
(i) a pair of complex eigenvalues λ = α(b) + iβ(b) (with α(b), β(b) ∈ R) so that they become purely imaginary at
b = b∗ and dα

db |b=b∗ ̸= 0,
(ii) the other eigenvalue is negative at b = b∗,
then a Hopf bifurcation occurs around E3 at b = b∗ (i.e., a stability change of E3 accompanied by the creation of
a limit cycle at b = b∗).

Theorem 5.2. System 2.1 possesses a Hopf bifurcation around E3 when b passes through b∗ provided

a2(b
∗), a1(b

∗) > 0 and a2(b
∗)a1(b

∗) = a0(b
∗)

where a2, a1 and a0 are listed in 2.10.

Proof. For b = b∗, the characteristic equation of system 2.1 at E3 becomes

(λ2 + a1)(λ+ a2) = 0

providing roots λ1 = i
√
a1, λ2 = −i

√
a1, λ3 = −a2. Thus, there exists a pair of purely imaginary eigenvalues and

a strictly negative real eigenvalue. Also ai(i = 0, 1, 2) are smooth functions of b.
So, for b in a neighbourhood of b∗, the roots have the form λ1(b) = p1(b) + ip2(b), λ2(b) = p1(b) − ip2(b), λ3(b) =
−p3(b), where pi(b), i = 1, 2, 3 are real.
Next we shall verify the transversality conditions:

d

db
(Re(λi(b)))|b=b∗ ̸= 0, i = 1, 2

Substituting λ = p1(b) + ip2(b) into the characteristic equation 2.9, we get

(p1 + ip2)
3 + a2(p1 + ip2)

2 + a1(p1 + ip2) + a0 = 0 (5.1)

Now,let us take derivative of both sides of 5.1 with respect to b:

3(p1 + ip2)
2(ṗ1 + iṗ2) + 2a2(p1 + ip2)(ṗ1 + iṗ2) + ȧ2(p1 + ip2)

2 + ȧ1(p1 + ip2) + a1(ṗ1 + iṗ2) + ȧ0 = 0 (5.2)

Equating real and imaginary parts from the both sides of 5.2, we get

B1ṗ1 −B2ṗ2 +B3 = 0 (5.3)

and
B2ṗ1 +B1ṗ2 +B4 = 0 (5.4)

where
B1 = 3(p21 − p22) + 2a2p1 + a1
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B2 = 6p1p2 + 2a2p2

B3 = ȧ2(p
2
1 − p22) + ȧ1p1 + ȧ0

B4 = 2ȧ2p1p2 + ȧ1p2

From 5.3 and 5.4, we get

ṗ1 = −B2B4 +B1B3

B2
1 +B2

2

(5.5)

Now,
B3 = ȧ2(p

2
1 − p22) + ȧ1p1 + ȧ0 ̸= ȧ2(p

2
1 − p22) + ȧ1p1 + ȧ2a1 + ȧ1a2

At b = b∗:

Case I:

p1 = 0, p2 =
√
a1

B1 = −2a1, B2 = 2a2
√
a1, B3 ̸= ȧ1a2, B4 = ȧ1

√
a1

Therefore,
B2B4 +B1B3 ̸= 2a2ȧ1a1 − 2a2ȧ1a1 = 0

So, B2B4 +B1B3 ̸= 0 at b = b∗, when p1 = 0, p2 =
√
a1.

Case II:

p1 = 0, p2 = −
√
a1

B1 = −2a1, B2 = 2a2
√
a1, B3 ̸= ȧ1a2, B4 = −ȧ1

√
a1

Therefore,
B2B4 +B1B3 ̸= 2a2ȧ1a1 − 2a2ȧ1a1 = 0

So, B2B4 +B1B3 ̸= 0 at b = b∗, when p1 = 0, p2 = −√
a1.

Therefore,
d

db
(Re(λi(b)))|b=b∗ = −B2B4 +B1B3

B2
1 +B2

2

|b=b∗ ̸= 0, i = 1, 2

and
−p3(b

∗) = −a2(b
∗) < 0

Hence, by Theorem 5.1, the result follows.

Example 5.3. Consider the parameters a = 0.5870, c = 0.2077, d = 0.3012 and b as the bifurcation parameter
ranging from 0.5 to 1.2. Then E3 exchange the stability and Hopf bifurcation takes place by Theorem 5.2. Therefore
the Hopf bifurcation diagrams are presented in (Fig. 14). Finally the bifurcation point and Hopf bifurcation for
different set of parameters are drawn in (Fig. 15).
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Figure 14: Hopf Bifurcation diagram at E3 where b ∈ [0.5, 1.2]

Figure 15: Hopf bifurcation for different set of parameters

6 Discussions and Concluding Remarks

The study of the Chen circuit-like system has provided valuable insights into the dynamics and bifurcation behavior
of this intriguing three-dimensional autonomous system. Through our analysis, we have unraveled the system’s
complex dynamics, explored bifurcation phenomena, and investigated the fractal properties of its attractor. This
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section presents a summary of the key findings and discusses their implications and potential future directions.
Firstly, our analysis revealed that the Chen circuit-like system exhibits a wide range of dynamic behaviors, including
chaotic dynamics, stable equilibria, and limit cycles. The system’s sensitivity to initial conditions, demonstrated
by its chaotic behavior, suggests its potential applications in chaos-based secure communications and random
number generation. Furthermore, the emergence of stable equilibria and limit cycles provides opportunities for
designing nonlinear oscillators and exploring synchronization phenomena.

The bifurcation analysis offered valuable insights into the system’s stability and qualitative changes in its
dynamics. The Hopf bifurcations unveiled the emergence of limit cycles as the system’s dynamics transitioned
from stable equilibria. These findings shed light on the critical parameter values that dictate the system’s stability
and the onset of complex dynamics. Moreover, the fractal dimension analysis provided a quantitative measure
of the attractor’s complexity and self-similarity. The estimation of the fractal dimension using the box-counting
method unveiled the system’s underlying structure and demonstrated its sensitivity to parameter changes. The
observed fractal nature of the attractor highlights the intricate patterns and fine-scale details embedded within
the system’s dynamics.

In conclusion, the study of the Chen circuit-like system has deepened our understanding of its intricate dy-
namics and provided valuable insights into the system’s stability, bifurcations, and fractal properties. The findings
presented in this work contribute to the broader field of nonlinear dynamical systems and hold potential implica-
tions in various scientific disciplines, including secure communications, signal processing, and control engineering.
Future research directions may include further exploration of the system’s parameter space, investigating higher-
dimensional versions of the Chen circuit-like system, and analyzing the system’s response to external perturbations
or feedback control strategies. Additionally, studying the synchronization behavior of multiple Chen circuit-like
systems and investigating their applications in chaotic synchronization and secure communications could be fruitful
avenues for future investigations.
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